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Statistical Characteristics of Thin, Wavy Films: 

Part II. Studies of the Substrate and its Wave Structure 

Waves on falling liquid films display certain random features. At least 
two classes of such random waves are shown to exist; large waves which 
carry the bulk of the fluid and small waves which cover a substrate film 
that exists between large waves. It is shown that the statistics of the sub- 
strate thickness and its wave structure can be extracted from measurements 
of the variation of film thickness with time. A theory is presented for calcu- 
lating the mean substrate thickness and the substrate flow rate. The statistics 
of the wave structure is presented and compared with existing theory. The 
importance of the substrate in controlling transfer processes is demonstrated. 
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SCOPE 
The flow of thin liquid films occurs in a wide variety 

of process equipment including falling film evaporators, 
reactors and wetted wall towers, thermosyphon reboilers, 
direct fred tubular boilers, and pipeline reactors. Experi- 
mental observations have shown that in almost all cases 
of practical interest the liquid displays random waves at 
the interface and that rates of transfer of heat and mass 
are greatly enhanced by the presence of these waves 
(Dukler, 1972). The use of simple transport equations and 
the assumption of a smooth interface fail to describe the 
process accurately and, as a result, the reliability of design 
procedures for such process equipment has been inade- 
quate (Alves, 1970). Improving design procedures for thin, 
wavy film systems requires information on the wave struc- 
ture and the manner in which the waves change the 
velocity fields in the liquid and gas phases bounded by 
the interface. But the wave structure has been shown to 

be a complex one. There appear to be several classes of 
waves and each class has certain random features. In 
particular, it is already known (Telles and Dukler, 1970) 
that the interface consists of waves large in amplitude 
compared to the film thickness which are separated by a 
very thin liquid substrate, itself covered by small waves. 
The substrate plays an important role in determining 
transport of heat and mass through the film. The purpose 
of this paper is to present new methods for extracting the 
meaningful statistical information about the substrate and 
its wave structure and to interpret the results of a very 
detailed study of that substrate under a variety of condi- 
tions of flow and shear. This hydrodynamic data can then 
provide the information needed to model the transfer 
processes. A subsequent paper in the series will discuss 
the large wave structure. 

CONCLUSIONS AND SIGNIFICANCE 
New data on the statistics of the substrate and its asso- 

ciated wave structure are presented for a wide range 

Dukler, 

of liquid and gas rates covering flow situations of im- 
portance in film flow type process equipment. A method 
of time series analyses is presented which permits the 
statistics of the substrate to be extracted from the statis- 
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tics of the film thickness. The technique is applicable to 
other systems where the characteristics of one random 
process must be determined from a signal which is caused 
by two random processes. The substrate is shown to be 
present for a large fraction of the time (Figure 11) even 
though only a small fraction of the liquid flows in the 
substrate (Figure 12). Thus the substrate has a very strong 
influence on the transfer of heat or mass into the film. 

A theory is developed for the average substrate film 
thickness given the celerity of the large waves. Since the 
wave structure on the substrate depends on the film thick- 
ness, it is clear that the structure of the small and large 
waves are coupled through this celerity. Agreement with 
data is good (Figure 14). 

Probability densities for amplitude and length of sub- 
strate waves show a unimodal character with little or no 
dependence on gas rate (interfacial shear). This is in con- 

trast with the observed strong dependence of the large 
wave structure on gas flow. Even at very high film flow 
rates the substrate Reynolds number is low and the wave 
amplitude and slope are small. Most published theories 
for prediction of wave amplitude, length, and celerity 
require these conditions. Thus, for the first time such 
theories can be tested in a definitive way. Surprisingly, 
none of these theories does a satisfactory job of predicting 
these properties (Figures 18,21 to 23). The data show that 
even these small substrate waves are highly nonsym- 
metrical. All extant theories depend for their success on 
a description of the wave with only a few terms in a 
Fourier series, and it is now evident that this can not 
describe the observed waves. Wave shape and size are 
important to the prediction of heat and mass transfer in 
the substrate and this indicates that a new approach is 
needed. 

Experimental studies of the structure of thin, vertical 
falling films have demonstrated the random nature of the 
interface (for example, Telles and Dukler, 1970; Webb, 
1970; Wicks, 1967). This randomness has been repre- 
sented by the probability distribution or the spectral den- 
sity of the film thickness; but this provides little of the 
needed information about the structure of the waves. Telles 
and Dukler (1970) in the first paper of this series showed 
that the gas-liquid interface can be represented by a two 
wave system. Large lumps of liquid, which carry a signifi- 
cant portion of all flowing liquid, move down the inter- 
face with essentially constant shape and speed. A smaller 
wave structure exists over the substrate, as well as across 
the large waves. As an initial approach to extracting infor- 
mation about wave structure from the statistics of the film 
thickness, they treated all large waves as being of a single 
size and shape moving across a smooth substrate. The 
observed randomness of the film thickness was attributed 
to random separation distances between these large waves. 
With this model it was possible to calculate the size and 
shape of the large waves from the measured probability 

>and spectral density of the film thickness. Essentially, that 
approach assumed that the statistics of the film thickness 
is dominated by the large waves. 

Some typical film thickness traces obtained in this study 
are shown in Figure 1. These traces reveal (1) the sub- 
strate is not smooth, (2) the amplitude of all large waves 
is not constant, (3)  in addition to the class of small waves 
which cover the substrate there exists a different small 
wave structure which rides on the large waves, and (4)  
the statistics of the film thickness are significantly in0u- 
enced by the substrate and its waviness. 

The existence of separate small and large wave struc- 
tures as described above leads one to believe that the 
physics controlling each of these types are likely to be 
quite different. The present state of mathematical tools is 
insufficient to describe the entire wave system in one com- 
plete model. Thus, it is useful to calculate the statistics of 
each wave type separately to provide information for de- 
velopment of separate models for each class of waves. This 
paper is concerned with the substrate and its wave struc- 
ture. 

Measurements treating the film thickness as a random 
process are relatively recent developments. Limited studies 
by Wicks (1967), Telles (1968), and Webb (1970) have 
been made to obtain such measurements. But there has 
been no attempt to extract the statistical information on 
the substrate structure from those film thickness measure- 
ments. Observations of many film thickness traces shows 
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that at any fixed point along a surface the substrate is 
present for a large fraction of the time. I t  therefore pla s 

place between the wall and liquid or between phases. 
The purpose of this paper is to present information on 

this substrate structure and to interpret these data. Future 
papers will consider the large wave structure in more 
detail. Two groups of statistical parameters are used here: 
one considers the film thickness of the substrate as a ran- 
dom process and another considers the individual small 
waves on the substrate as a random process. A theoreticaI 
prediction of mean film thickness of the substrate from 
a single large wave parameter the celerity C, is also given. 
Detailed data are presented by Chu (1973). 

an important role in the processes of transfer which ta ky e 

EXPERIMENTAL EQUIPMENT 

The flow system consisted of a 4.27-m long vertical test 
section with four measuring stations, a 1.22-m long air-water 
entry section and a 0.61 m long air-water separation section. 
A schematic flow diagram of the system is given in Figure 2. 

ReG = 0 Re, = 570 

I sec I 
0.457 - 

0.041 - 

ReG = 93,000 Re, = 570 

I 7 l s e c  ___cI I 
0.457 
0.335 

mm 0.158 
h 

0.041 

Re,= 93,000 Re,= 1600 
Fig. 1. Typical film thickness traces. 
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The test section was made of 4 lengths of 5.080 & 0.005-cm 
I.D. Plexiglass pipe with lengths of 0.305 m, 0.610 m, 1.220 m, 
and 1.830 m. Each length was fitted with special flanges having 
an interlocking 0 ring constructed to match a measuring sta- 
tion with no internal discontinuity. There were four measur- 
ing stations, each located between two adjacent test section 
lengths. Each individual station consisted of four pairs of con- 
ductivity probes for film thickness measurement and four pres- 
sure channels to measure instantaneous pressure, located at  90" 
intervals around the circumference. A detailed sketch of this 
system is given in Fi ure 3. The conductivity probes are simi- 
lar to those developei in this laboratory by Wicks (1967) and 
Telles (1968) for the study of film thickness on flat plates. 
The electrodes were made of silver foil, 0.051 mm in thick- 
ness, and were carefully platinized to insure stable performance. 

In order to obtain reliable data on the small scale wave struc- 
tures, it was necessary to evolve a scheme for collecting and 
processing the time series data in a way to prevent small errors. 
This procedure is discussed in detail by Chu ( 1973). In sum- 
mary, the following scheme was used: An AC voltage with 1 
KC frequency and constant amplitude was applied to each elec- 
trode air. The current which passed through the liquid vaned 
with $e local film thickness and this variation was measured 
by detecting the voltage dro across a standard resistor. The 
signal camed a one KC osciiation whose amplitude varied as 
the film thickness changed. The 1 KC fluctuation was removed 
by passing the signal through linear full wave rectifiers and 
low pass filters to produce a D.C. signal whose instantaneous 
amplitude was related to the instantaneous film thickness and 
this information was stored on one channel of analog tape as a 
voltage variation with time, Signals from all stations were 
simultaneously recorded. Data processing was accomplished 
digitally by passing the voltage signal from each channel of 
the tape through an A/D converter to an IBM 360-44 core 
storage where calibration and corrections were applied to each 
point. The resulting film thickness sequence for discrete points 
in time was stored on magnetic tape for subsequent data proc- 
essing. 

ET 

SEPARATOR 

Fig. 2. Flow loop. 

SILVER FOIL 

I I I  I 
PRESSURE 

I ' I  
TAP TOP VIEW 

0.051mm THICK I SILVER FOIL I I 

t = =  1 1 . 1 1 3 C r i i ~  
I 

Fig. 3. Film thickness meosuring stotion. 

A sequence of calibrations and corrections were used to ac- 
curately convert the voltage signal to film thickness. The cell 
constant for each electrode pair in each measuring station was 
determined as a function of film thickness in an ap aratus ex- 
ternal to the system. Liquid films of known thickess were 
created by flowing water through annular gaps which were 
formed by using the measuring station (Figure 3) as the outer 
wall and positioning a series of plastic inserts of diameters 
smaller than 5.08 cm at the axis. A Leeds and Northrup pre- 
cision conductivity bridge was used along with a standard con- 
ductivity cell. The cell constant is, of course, independent of 
temperature or salinity of the water. 

The electronic conductivity monitoring circuit was calibrated 
with a precision decade resistance box. Compensation for possi- 
ble errors due to drift or electronics in the analog tape recorder 
or the analog to digital conversion equipment was accomplished 
by simultaneously recording on separate channels a known 
voltage drop across two standard resistors selected so as to 
bracket the highest and lowest voltages recorded for the film 
thickness signals. The voltages were compared after playback 
and digitation and a linear transformation used to correct all 
digitized data. Conductivity of the water was continuously 
monitored by passing part of the liquid leaving the test section 
through a standard cell. Film thickness from conductivity robes 

vious published studies, statistical analysis was always carried 
out on the voltage trace, making conclusions as to film proper- 
ties somewhat ambiguous. In  this work the analysis is carried 
out on the film thickness trace (after conversion from voltage 
to film thickness using the calibration curve) and the a m b i p t y  
is complitely eliminated. The accuracy of the time series, ( t  ), 
is 0.0254 mm in the amplitude domain and 0.004 in the time 
domain. 

is a nonlinear function of the measured cell voltage. In a E pre- 

DATA PROCESS I NO 

Subrtrote ond Ih Small Wover 
In order to calculate the statistics of the substrate and 

its small waves from the time series, h ( t ) ,  it is necessary 
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to establish the criteria for identifying small and large 
waves. The words, large waves, imply that a large fluctua- 
tion taka  place about the mean film thickness with the 
minimum and maximum film thickness associated with the 
wave being on alternate sides of the mean. In an analogous 
way, small waves on the substrate appear to be completely 
below the mean film thickness. In fact, three classes of 
waves can be identified as follows: 

1. A large wave exists if an excursion in film thickness 
is found such that: 

&ax > <h> and hmin, hfmin < <h> 
2. A small wave exists on the substrate if for that ex- 

cursion, 
hmax, kin, h'mi,< <h> 

3. A small wave exists on large waves if one of three 
possible conditions are detected: 

hm,> <h>, hrni,> <h>, h'mi,< <h> 

where 

<h> is the mean film thickness 
h,, is the film thickness at the crest of the wave 
hmin is the film thickness at the trough in front of the 

h',i,, is the film thickness at the trough in back of the 

In all revious studies the substrate thickness was de- 

of the film thickness is zero and above which the probabil- 
ity density is nonzero. Physically this definition implies that 
there exists a smooth continuous substrate film of liquid 
between two consecutive large wave peaks. But the data 
in this study show that small waves ride on the substrate 
and, in the time domain, the number of small waves is 
over twice that of the large waves. In this study, the sub- 
strate thickness h,( t )  is defined as the portion of film thick- 
ness which is covered by small waves such that hmaX, kin, 
hfmin < <h>. Figure 4 illustrates these ideas and also com- 
pares some properties of large and small waves which were 
measured at one Reynolds number. The drastic difference 
in properties between these two classes of waves is ap- 
parent. 

wave 

wave 

fined as t R at thickness below which the probability density 

Probability Density of Substrate Thickness hJt) 
The data show that the amplitude of the small waves 

fluctuates within a narrow range. Thus the contribution of 
h, ( t )  to the probability density function of h ( t )  shows a 
modal peak around the mean values of <h,>. The ampli- 
tude of these waves is quite small and the wave slo e in 
the time domain is essentially linear. Then the proba g ility 
density function of h, should be symmetrical around 

<hS>, a value roughly equal to the modal value of ?(h) .  
Based on these ideas, the probability density function for 

the thickness of the substrate f , (h , )  can be extracted 

from that of the film f $ ( h )  by the following procedures: 

1. The probability density function f/\h(h) can be rep- 
resented as the curve abcdefghijk in Figure 5. 

2. Since f $  , ( h S )  is symmetrical about <h,> in the 
neighborhood of <h,> and <h,> is approximately equal 

the modal value of f $ ( h )  , then one obtains the point f ,  g', 
h' for the substrate by setting them equal to d, C, b. 
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- 
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- 

- 

3. Taking the difference between pairs of (f, f '), (g, g') 
and (h,  h'), the curve f", g", h", which represents the 
contribution of the large waves is determined. 
4. Extrapolating the curve f", g", h" to point u, one 

obtains the curve b", cN, d" and eff for the large waves. 
Subtracting this curve from b, c, d, e, the curve b', c', d' 
and e' for the substrate is calculated. Call these two curves 

CV, and CV,, respectively. Then 
- - 

m -  

F ,  = i CV, dh 

m -  

F , = i  CV,dh 

LARGE WAVE ON FILM 

SMALL WAVE ON LARGE 
WAVE I 

I 
I wr SUBSTRATE 

MEAN THICKNESS OF (!/ FILM 

MEAN THICKNESS OF 

SOME WAVE PROPERTIES 

SUBSTRATE 

ReL = 1600 
LARGE SMALL 

(AMP.) 0.812 0.051 mm 
(LGTH.) 15.54 1.17 cm 

(VELOC.) 1.58 0.45 m/sec 
I (SEP.) 32.54 1.17 cm 

( I 1.12 0.15 
# I  I 

Fig. 4. Identification of wave class. 

e t * 

Fig. 5. Extracting the probability density of the substrate. 
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where 

F ,  = 

F ,  = 
- 
f t ,  = 

- 
f ; Z ,  = 

the time fraction substrate is observed pass- 
ing a fixed point in space 
the time fraction large waves pass a fixed 
point in space 

the probability density function of the film 
thickness during passage of large waves and 
the small waves on the large waves 

the probability density function for the sub- 
strate thickness. 

The result of such a decomposition for one flow condition 
appears in Figure 6. 

Probability Density of Wave Parometers 
Previous reports except that of Telles and Dukler (1970) 

assume the waves on falling films are sinusoidal and can 
thus be completely specified by three parameters: wave 
amplitude A, and two of three parameters; wave length, A, 
wave period T, and wave velocity c. But it is now clear 
that sinusoidal waves never occur on a falling film under 
flow conditions of practical interest. In this study the waves 
are considered as nonsymmetrical and measured in terms 
of two types of parameters: one measured in the time 
scale to characterize the base dimensions of the wave and 
one measured in the length scale to characterize amplitude. 
A length scale for the base can be obtained once the wave 
velocity c has been determined. In the time domain, the 
wave parameters of interest are time for passage of the 
base of the wave T b s ,  wave separation time Tsep, time for 
passage of the wave front Tf,, and time for passage of 
back of the wave T b k .  Separation time between large 
waves differs from the base dimensions because of the 
existence of numerous small waves on the substrate be- 
tween two successive large waves. In the amplitude do- 
main, the wave parameters of interest are amplitude A and 
fiIm thickness at the minimum of the wave. Because the 
minimum film thickness in front and in back of a wave are 
not necessarily the same, the definition of wave amplitude 
is 

2A = h e x  - ( k i n  + vrnin)/2 ( 5 )  
Calculation of the statistical properties of these seven 

parameters for each of the three types of waves proceeds 
from the digitized data, hi, with i = 1, 3, . . . n, the time 

5 0  I I I 1 1 
ReL= 4500 

ReG= 0 

LARGE WAVES 

0.2 0.4 0.6 0.8 I .o 
h (  mm) 

6. Contribution of substrate and l o q e  waves to probobility 
density of the film. 

interval between successive points being Ar = l/fD, where 
f D  is the digitizing frequency. Software was developed 
which, iven this sequence of discrete values of film thick- 
nesses, [, would 

1. Search for a maximum and minimum. 
2. Calculate the time interval between successive hrnh 

3. Repeat this process and form a series, hj,h T$,,, 

4. Separate this series into three sub series, one for each 
class of waves according to the criteria discussed above. 

5. Calculate the series, Aj, Tjb,, Tfsep for each wave 
class. 

6. Calculate the probability density, mean and variance 
for each of the seven wave properties and each class of 
wave. 

With this information the substrate time fraction F, can 
be calculated. 

and h,,,. 

hjrnax, T j b k .  

Velocity of Small Waves on the Substrate 
An important wave parameter which is not directly ob- 

tainable from the time series analysis is the wave velocity 
c. Telles assumed that the film thickness observed at two 
positions, 1 and 2 along the flow path, are two stationary 
stochastic processes such that 

h 
at x = l  

C 

(7) 

where 1 is separation distance between the two position and 

&(t )  = hi(t) - <hi(t)>, i = 1, 2. Then from the defi- 
nition of spectrum and covariance function, one obtains 

h A A 

- 
c12(7) = <U ( t  + r ) i j  ( t  - f> > 

(9) 

1 - 
A ( f )  =;ii(f) (11) 

kf)  = s”,,cn S h W -  ( 12) 
I 
C - - 

where C11(~) and C12(r) are auto- and cross-covariance 

functions, S11(f) and S12(f) are auto- and cross-spectrum, 

and h(f) and Q ( f )  are co and quadrature spectrum. 
Finally the phase spectrum can be calculated from Equa- 
tions (11) and (12) as - I 

- - 
I - 

= 24- (13) 
C 

Equation (13) implies that the slope of the phase spec- 
trum ( e  vs. f )  is constant since it is equal to the ratio of 
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the fixed se aration distance and the constant wave veloc- 
ity c. The iata for phase spectra in this work as well as 
that of Telles show a departure from the constant slope 
above a frequency of about 10 cps. The data also show 
that the large waves as defined here are always associated 
with frequencies below this value. Information on the 
celerity of the small waves can be developed by assum- 

ing that the process h(7)  contains two components as dis- 

cussed above, u ( t )  and h,' ( t )  . u ( t )  is moving at con- 

stant velocity cw. h,'(t) is moving at another velocity c,. 
At the two measuring locations, 1 and 2, the observed 
signals would then be 

A 

A h A 

A 

A 570 0.284 
0 4570 0.168 
0 7560 0.140 - 

0 20.0 40.0 

(15) 
A A 
u(t) and h,'(t) are uncorrelated and can be approxi- 
mated by two Fourier sine series. 

where iTj = T1 and 1 6 k < n < m. Then the phase spec- 
trum would be 

elz(a) = TAN-' 

160.C 

120.0 

- 
ul 
C 

0 
.- 
z 

- 800 
- 
c 
Y 

Q 

400 

0.0 

I I I I I 

a1 = %/Ti 
In the following two regions of frequency, one would have 

iw - for j=1, ..., k - 1  

(19) 
- e I 2 w  = 

for j = n + l ,  ..., m 1 
iw - 

.o 

Thus it has been shown that at low frequencies a linear 
phase angle with frequency is observed with slope re- 
lated to the celerity of the large waves. At higher fre- 
quencies characteristic of the small waves a second linear 
region will be observed with the slope related to the con- 
stant celerity of the small waves. Then the wave velocity 
of small waves cs can then be extracted from the phase 
spectrum in the range of small wave frequencies. 

While the principle is clear, the fact that the large waves 

dominate the random process h ( t )  make the direct mea- 
surement of slope of the phase angle at high frequency 
an inaccurate one. To overcome this difficulty, a procedure 
was evolved to eliminate the influence of the large waves 
on the data by a time shift as follows: Designate 71 = l /c,  
and shift the time series for film thickness at station 2 

letting h3'( t )  be the shifted signal 
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A 

A 

(20) 
A A 
hS' ( t )  = hz' ( t  + 71) 

The phase spectrum 813(0) between the shifted signal at 
station 2 and the unshifted signal at 1 then is identical 
with Equation (18) with each l / c  term in the sign terms 
replaced by ( l / cw  - 71). But since l/cw - 71 = 0 and 
<aj2> >> <biz> (amplitude of large waves much greater 
than small waves) then 

e13(") = /a1 (6 - T1 ) for i = n + 1,.  . ., M 
A typical phase spectrum obtained by this method is 

shown in Figure 7. The wave velocity cs is thus extracted 
by setting the slope of these lines equal to 2rrf(Z/c, - V c J .  
cw is calculated from the slope of the unshifted signals at 
low frequency. 

EXPERIMENTAL RESULTS 

Subrtmte 
Probability Density of Substrate. Probability density 

functions for the substrate as extracted from probability 
density of the film thickness for four liquid rates at zero 
gas flow rate appear in Figure 8 and for four gas rates at 
the same liquid flow rate are shown in Figure 9. From 
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A 1600 
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Fig. 8. Probability density of substmte thickness. 

these data one can observe the following general character- 
istics: (1) The curve is roughly symmetrical around the 
modal value. (2) The maximum peak values decrease ra 
idly with decreasing liquid flow rate. The location of 2; 
modal value and the spread of the curve shows an inverse 
effect. (3) The gas flow rate has only a small effect on the 
maximum peak values, the modal value, or the spread of 
the curve. These observations indicate the substrate struc- 
ture strongly dependent on the liquid flow rate and only 
slightly dependent on the gas. This situation differs dras- 
tically from that of the large wave structure. 

Expected Value of Substrate Thickness <ha>. From the 
above probability densities it is possible to calculate the 
expected value of the substrate thickness: 

and these are shown in Figure 10. 
Fractionul Time of Exposure of Substrate, F,. Data for 

F, calculated using E uation (6) appears in Figure 11 

identical values except at very low liquid rates. The quan- 
tity F, is a secondary variable of the wavy system depend- 
ing on the structure of the large waves. The data does 
show, that at liquid rates expected in process equipment, 
the substrate is exposed to the adjacent gas stream for 
30 to 50% of the time. As will be shown, the mass car- 
ried by this substrate is small, and the process of transfer 
to such a wavy film system will depend strongly on the 
flow behavior of the substrate. 

Substrate Flow. The widely separated large disturbance 
waves which travel rapidly across the substrate carry a 
substantial ortion of the fluid introduced into the test 
section. Wi& the information reported here on substrate 
properties, it is now possible to calculate the amount of 
liquid flowing in the substrate. Clearly, rather different 
gradients in veloci concentration, or temperature can 

for two gas rates. Res 3 ts using Equation (1) give nearly 

be expected in this x: t in, slow moving substrate than in the 

large wave portions of the film. 
The local Reynolds number is a random rocess since 

the local flow rate varies with the local film tg ickness 

2 
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Fig. 9. Probability density of substrate thickness. 
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Fig. 10. Mean value of substrate thickness. 
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Fig. 11. Fractional exposure time for substrate. 

The local Reynolds number averaged over the film length, 
or over large time must equal the Reynolds number based 
on the known rate of flow of liquid to the test section ReL. 

In general, it is not possible to specify the velocity distri- 
bution for this integration since, in the presence of the 
large waves, the usual assumption of parallel flows ignores 
important acceleration terms (Chu, 1973). However, for 
the substrate the waves are small in amplitude and slope 
(see below) and these acceleration terms are small. It is 
thus possible to use the velocity distribution of Nusselt 
(1916) for laminar flow or Dukler (1959) for laminar or 
partially turbulent films with negligible error. Equation 
( 2 4 ) ,  restated for the substrate, is 

A 

With values of g 8 ( h f )  obtained as discussed above, it is 
possible to calculate the expected value of the substrate 
Reynolds number. Figure 12 shows the relationship be- 
tween this calculated value of <Re,> and the input Reyn- 
olds number ReL in the absence of gas flow. It is now clear 
that even at very substantial total liquid flow rates the flow 
in the substrate is small. Considering that the adjacent wall 
or a gas phase is exposed to this substrate 30 to 50% of 
the time (Figure 11) it is clear that this small flow in the 
substrate will be important to the calculation of any trans- 
fer process. 

A Theory for the Average Substrate Thickness. The large 
waves which move across the substrate have peak heights 
which are 6 to 10 times the average substrate thickness. 
Figure 12 shows that the liquid carried in these large 
waves is 10 to 20 times that flowin in the substrate. The 

to that of velocities in the substrate film. We s eculate 

wave in front of a substrate as an effectively infinite reser- 
voir of liquid and that the substrate film is formed b 
process equivalent to the process of drainage when a p ate 
is withdrawn from such a reservoir, The equivalence is il- 

large waves move with a velocity w a ich is large compared 

that this situation makes it possible to consider t f e large 

r a  

lustrated in Figure 13. The actual situation is at the left. 
We hypothesize that the observed thickness <h,> is the 
same as if a plate would be withdrawn from an infinite 
pool of liquid at a velocity equal to the celerity of the 
large waves cw. This is shown at the right. 

The theory of plate drainage and withdrawal is well de- 
veloped (Levich, 1962; Groenveld, 1971,1970; White and 
Tallmadge, 1965) for laminar films. White and Tallmadge 
(1965) have obtained a solution with few restrictions. 

1 
To - - To' 

3 
= 0.944 CU"~ (26) (1 - T o y 3  

where for this application 

I I I I I I I l l  I I I I I I I I  

t 

I I 1 I I I I l l  I I I I l l l L  

10' lo2 10' - 
Fig. 12. Variotion of overage flow in substrate with input flow: 

zero gas rote. 

Fig. 13. Model for draining plote. 
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% 
Ca = - 

Equation (26) will not apply for large values of Ca or for 
high rates when the film is partially in turbulent motion. 
A comparison of the experimentally measured <h,> at 
no gas flow with those predicted by Equation (26) ap- 
pears in Figure 14. The agreement is within measuring 
accuracy up to input Reynolds numbers of 4 to 5,000. 
Above this value the substrate Reynolds number exceeds 
400 (see Figure 12) and it has been shown (Dukler, 1959) 
that film turbulence can be expected to be significant above 
a Reynolds number of about 300. An extension of this 
theory to turbulent film and for the case of concurrent gas 
flow will be presented in a paper to follow. 
Structure of Waver on the Substrate 

Typical data for substrate wave structure is shown here. 
Information in detail has been presented by Chu (1973). 

R e G =  0 
0 DATA 

--EQUATION 26: THEORY 
0 

0.3 

01 I I 1 I I I I 

0 1 2 3 4 5 6 7  

Re, x lo-' 
Fig. 14. Comparison of theory and experiment for substrate thickness. 

600 
I I I 

A, (mml 

Fig. 15. Probability density of substrate wave amplitude: zero gas rate. 
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Extensive theoretical work has been reported which at- 
tempts to predict the properties of waves on films moving 
at low Reynolds numbers. These have been critically re- 
viewed by Dukler (1972). The data of this study on the 
structure of substrate waves now make it possible to make 
definitive tests of these theories. For the substrate, certain 
key requirements of the theories are satisfied; namely, low 
flow rates, small wave amplitudes compared to wave length 
and low ratios of wave amplitude to average film thick- 
ness. As will be seen, these theories do not predict the 
observed wave properties. 

Wave Amplitude, A,. Probability densities of wave am- 
plitude f 2, (A , )  for a range of liquid rates in the absence 
of gas flow are shown in Figure 15. Note that the location 
of the modal peak is remarkably constant being within 
t 0.0128 mm for all liquid rates. Considering the fact that 
the mean substrate thickness varies by a factor of four over 
this same range of flows strongly suggests that the waves 
which are formed are all of the same amplitude and that 
a process of dispersion or coalescence generates waves of 
other sizes, this process increasing as the flow rate in- 
creases. 

The insensitivity of the amplitude of substrate waves to 
interfacial shear is clear from the data in Figure 16. Note 
that while the wave amplitude is insensitive to gas flow, 
the average substrate film thickness is not (see Figure 
lo ) ,  a rather unexpected result. 
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Fig. 16. Probability density of substrate wave amplitude: effect of 

gas rate. 
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<Re,> <A,>/<h,> ReL &/<h> 
165 0.16 210 0.37 
470 0.16 570 0.58 

1010 0.15 1015 0.95 
Thus, at the same flow rate, waves on the substrate are 
smaller than the disturbance waves on the film by factors 
of 2 to 6. 

Wave Base Time, Tbs .  The probability density for Tas 
and its dependence on gas and liquid rate is shown in 
Figures 19 and 20. A ain the insensitivity of this small 
wave structure to gas ifow is emphasized as is the sugges- 
tion of the dominance of a single wave size and shape. 

The frequency of these small waves can be found from 

L 

W 

v) 
0- 

r 

0.15 1 1 I I I I I I 1 

A KAPITZA(A/ (h> vs Re,) 
0 THIS WORK ' ReG = 0 
0 THIS WORK ' ReG = 92.900 

I 1  I 1  I 

1 ReG 
0 0  

ERROR 

0 I I I I I I I 

2 4 6 0 

(Re,) 
Fig. 17. Average ond standard deviation of substrate wave amplitude. 
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I ANSHUS (1965) 4 JkVOANl 8 GOREN (1971) 5. LEE (1969) 
2 LEVICH( I962)  
3 KAPITZA( I964)  

G 1.0 : I  5 0.1 

Values of <A,> and UA, appear in Figure 17. Compari- 
son with data on the variance of h,i, and h,,, shows that 
the waves are quite uniform in size and that the variation 
in film thickness is due principally to the variation in the 
thickness of the film at the trough of the wave. 

The dimensionless mean amplitude of substrate waves as 
measured here is compared with the prediction of six theo- 
ries in Figure 18. Also included are the data of Kapitza 
(1964), but in this case it is important to note that his data 
include all wave amplitudes measured, not just those on 
the substrate and ReL is the input Reynolds number. The 
theory with closest agreement, that of Javdani and Goren 
(1971), deviates from the data by at least a factor of two. 
A careful reexamination of that theory failed to disclose 
any numerical error. 

Evidence of the marked difference between properties 
of the large waves and these substrate waves can be seen 
from a comparison of dimensionless amplitudes at  similar 
Reynolds numbers. 
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Many theories have purported to predict these wave fre- 
quencies and these attempts are compared with experiment 
in Figure 21. Also shown are the data of Kapitza (1964) 
which reflects his counting of all waves on the surface, not 
just small waves. However, at the very low flow rates of 
Kapitza's experiments the number of large waves are few 
and frequency count would not be significantly distorted. 
Note that except for the Berbente and Ruckenstein (1968) 
attempt, all theories are poor predictors. However, the ap- 
parent good agreement of Berbente and Ruckenstein is, in 
fact, due to their use of Kapitza's data to evaluate certain 
constants in their model. 

Velocity of Substrate Waves. Theories which predict the 
wave velocity usually show that the ratio of the velocity 
to the mean film thickness depends on the Reynolds num- 
ber. The existence of two classes of waves suggests that 
the velocity of the large waves be normalized by the aver- 
age thickness of the film and this ratio be compared with 

Tbs SECONDS 

Fig. 19. Probability density of substrate wave base dimension: zero 
gas rate. 
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Tbs SECONDS 

Fig. 20. Probability density of small wave base dimension: effect of 
gas rate. 
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Fig. 21. Comparison of theory and experiment: substrate wave fre- 
quency. 

ReL. For the substrate the correlation should be between 
the ratio of the wave velocity to the velocity of the sub- 
strate film, c,/<u,>, and the substrate Reynolds number. 
<u,> is calculated from 

Y <Re,> 
<u*> = - 

4 <ha> 
Figure 22 compares experimental data with and without 
gas flow with four theories. Also included are the data of 
Kapitza. It should be noted that his wave velocit 
sented the average of large and small waves. I t  is c r ear repre- that 
no theory does an acceptable job of predicting the true 
situation. The fact that c,/<u,> is greater than 3.0 is SIX- 
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prising, but a careful recomputation of the data attest to 
their validity. 

Wave Length. The wave length of substrate waves can 
be calculated from 

The dimensionless wave length 
Xa = Ca <Tbs> (20) 

is plotted against the Weber number of the substrate, 

cr 

in Figure 23 where it is compared with the prediction of 
five theories. None are satisfactory. 

While substrate waves satisfy the condition required for 
existing theories (small wave amplitude and small slope), 
the theories do a poor job of predicting the properties of 
these waves. Part of the reason becomes clear from Figure 
24 which describes the skewness of these substrate waves 
as measured by the ratio of the length (or passage time) 
of the front and the back of the wave. I t  would appear that 
these small substrate waves rapidly become nonsymmetri- 
cal during their growth process. Few of the existing theo- 
ries consider more than the first harmonic in a Fourier 
series expansion of the wave shape. Several consider two 
terms and only one considers three. But in order to describe 
a wave with this degree of asymmetry, many more terms 
are required Adding more terms in all published methods 
would make the mechanics of solution hopelessly complex. 
Thus, other types of orthogonal expansions will be needed 
to allow a description of the waves with fewer terms. 
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NOTATION 

A = wave amplitude 
A, = wave amplitude of small waves 
A, = wave amplitude of large waves 
aj = coefficient of Fourier series 
bj = coefficient of Fourier series 
c = wave velocity 
c8 = velocity of small waves 
c, = velocity of large waves 
c, = dimensionless quantity JLL cw/ugc 

CV, = portion of f f ( h )  related to substrate 

CV, = portion of f $  ( h )  related to large wave 
D = pipe diameter 
F8 
F, 
f = frequency in cps 
f~ = digitizing frequency 
f d  
f = probability density function 
gc = conversion constant 

= acceleration of gravity f = film thickness 
h,, = film thickness at the crest of the wave 
hmb = film thickness at the trough in the front of the 

Kmi, = film thickness a t  the trough in back of the wave 
h, = substrate film thickness 
h, 
1 
N ,  
N ,  

..d - 
e - 

= time fraction of substrate 
= time fraction of large waves 

= frequency of small wave 
..d 

wave 

= film thickness of large waves 
= separation distance between probes 
= number of small waves in sample 
= number of large waves in sample 

A g L P L  = dimensionless wave length, - - 
2m g c v  

N h  

Nwe = Weber number, uh/v - 
Q = quadrature-spectrum 
R e L  = input Reynolds number 
Re, = substrate Reynolds number 

S = spectrum function 
T = wave period 
To = dimensionless quantity, <h> ( P L  g L / p L c w )  
T b s  = time for passage of base of wave 
Tfn = time for passage of front of wave 
T b k  = time for passage of the back of the wave 
T,, = wave separation time 
u = velocity in x direction 
us = substrate velocity in x direction 

m 
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WL 
x = coordinate direction 
y = coordinate direction 

Greek Letterr 

e = phase spectrum 

h = cospectrum 
= wavelength 

JLL = viscosity of liquid 
Y = kinematic viscosity 
p~ = density of liquid 
w = surface tension 
o 
< > = expected value 

= mass flow rate of liquid 

..d 

..d 

= frequency in radian per sec. 

= random number 
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